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Abstract

Diesel oil dilution of lubricating oil is an important phenomenon affecting its viscosity and,
consequently, the lubrication conditions and operational reliability of internal combustion
engines. The viscosity of a lubricating oil–biodiesel oil mixture can therefore be used as a
parameter for assessing the degree of fuel dilution. This study evaluates the applicability of
selected power-law viscosity models for describing binary mixtures of lubricating oil and
EN 590 diesel oil containing 7% bio-component (fatty acid methyl esters) by mass. Two
lubricating oils, SAE 30 and SAE 40 grades, were investigated at diesel oil concentrations of
0, 1, 2, 10, 20, 50 and 100% by mass over a temperature range of 40–100 ◦C. The experimental
results were compared with four power-law models, the linear, Kendall–Monroe, Koval
and Bingham models, with the Arrhenius and REFUTAS models included as reference
models. The novelty of the study lies in the systematic comparison of the power-law models
over a broad range of temperature and dilution levels and their performance assessment
against the Arrhenius and REFUTAS models. The relative error between calculated and
experimental viscosities was determined for all investigated conditions. The linear model
showed the lowest accuracy, followed by the Kendall–Monroe and Bingham models. The
Koval model demonstrated the highest accuracy among the power-law models, with a
maximum relative error of less than 9%, outperforming the Arrhenius model and showing
accuracy comparable to that of the REFUTAS model. The results also show that model
suitability depends on mixture composition and temperature, and that the distribution of
prediction errors should be considered alongside their magnitude. The Koval model may
therefore provide a simple and sufficiently accurate alternative for describing lubricating
oil–diesel oil mixtures and assessing diesel oil dilution.

Keywords: lubricating oil dilution with fuel; lubricating oil; diesel oil; power-law viscosity
model; REFUTAS; Arrhenius equation; viscosity mixing model
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1. Introduction
The viscosity of lubricating oil is one of the fundamental parameters determining

the quality of the lubrication process in internal combustion engines. Its value affects the
formation and stability of the lubricating film, friction losses, heat transfer and wear of
cooperating surfaces [1,2]. During engine operation, however, the viscosity of the lubricant
may change as a result of contamination and degradation processes. One of the particularly
important phenomena is the dilution of lubricating oil by diesel oil, which can lead to
a significant reduction in viscosity and, consequently, deterioration of the lubrication
conditions [3,4]. In this study, diesel oil (DO) containing 7% fatty acid methyl esters (FAME)
by mass as a bio-component was used as the diluent of the lubricating oil, representing a
commonly used type of diesel fuel currently marketed in the European Union.

Diesel oil dilution may occur as a result of incomplete combustion, diesel oil leakage
past the piston rings, injector malfunctions, excessive diesel oil delivery, leakage from fuel
pumps, or improperly functioning fuel leakage drainage systems, as well as operating
conditions favouring the condensation of diesel oil on cylinder liner surfaces [5–8]. The
severity of this phenomenon depends on the engine design, diesel oil properties, operating
conditions and technical condition of the diesel oil injection and combustion systems [9–11].
Since excessive diesel oil dilution may contribute to increased wear and other lubrication-
related failures [12,13], the possibility of determining the diesel oil content in lubricating
oil is of considerable practical importance [14,15].

Viscosity measurements provide a relatively simple basis for assessing diesel oil di-
lution. The relationship between the viscosity of a binary mixture and the viscosities and
concentrations of its components can be described using various mathematical models.
Among the relatively simple approaches to predicting mixture viscosity are power-law
models, which relate the viscosity of a mixture to those of its components and their re-
spective mass fractions [16]. These include the linear mixing model [17,18], Kendall and
Monroe model [17], Koval model [19], and Bingham model [20,21].

The investigated viscosity models differ in the mathematical formulation used to
describe the relationship between the viscosities of the mixture components and their mass
fractions [16]. The linear model represents the simplest case of the general power-law
relationship, obtained for an exponent of k = 1. The Kendall–Monroe model is also a
power-law formulation, with k = 1/3, whereas the Koval and Bingham models use negative
exponents of k = −1/4 and k = −1, respectively [16]. Thus, these four models represent
different forms of the same general power-law relationship and allow the effect of the
exponent on the prediction of mixture viscosity to be investigated. The Arrhenius model
provides a different formulation based on the logarithmic combination of the component
viscosities and their mass fractions. In contrast, the REFUTAS model is based on kine-
matic viscosity and the Viscosity Blending Index (VBI), with the viscosity of the mixture
determined from the mass-weighted VBI values of its components. The Arrhenius and
REFUTAS models were therefore included as reference formulations, allowing the predic-
tive performance of the simpler power-law models to be assessed against models based on
different mathematical approaches.

The mathematical simplicity of power-law models is an important advantage, particu-
larly when the models are intended for practical or computational applications [16,18,22].
Depending on the specific formulation, the contribution of individual components is ex-
pressed using composition variables such as mole, mass, or volume fraction [18,22]. In
the present study, mass fractions were used for the power-law models, consistent with
the formulation adopted for the Arrhenius [23] and REFUTAS [24,25] models considered
to or comparison. The use of mass fractions is also particularly relevant to the practical
assessment of diesel oil dilution, as fuel content in lubricating oil is commonly expressed
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on a mass basis [16]. It provides a direct measure of the amount of diesel oil present in the
lubricant and allows the investigated mixtures to be prepared and characterised directly on
a mass basis. Furthermore, using mass fractions avoids the need to convert between mass
and volume fractions using component densities, which would introduce an additional
temperature-dependent factor because the densities of both lubricating oil and diesel oil
vary with temperature. Thus, expressing the component proportions on a mass basis
provides a consistent and practically relevant framework for comparing all the investigated
models over the full temperature and concentration ranges.

In addition to the power-law models, two non-power-law approaches were considered.
The Arrhenius model is a commonly used relationship for describing the viscosity of binary
mixtures, while the REFUTAS model provides a more advanced approach for predicting
the kinematic viscosity of diesel oil blends [26]. Both models are formulated using mass
fractions and can also be expressed in inverse form, allowing the concentration of one
component to be estimated from the measured viscosity of the mixture. This makes them
particularly relevant as reference models for assessing the accuracy of the simpler power-
law formulations in the context of diesel oil dilution of lubricating oil.

Previous investigations have demonstrated that the inverse Arrhenius relationship can
provide a satisfactory estimation of diesel oil concentration in lubricating oil [27], whereas
the REFUTAS-based approach called SATUFER [26] can provide substantially higher
accuracy [28]. Further improvement can be achieved by optimisation of the parameters
of the REFUTAS relationship. These results raise an important question concerning the
suitability of simpler power-law relationships. If a power-law model provides a sufficiently
accurate description of the actual viscosity of an oil–diesel oil mixture, its mathematical
simplicity may make it attractive for practical applications, including the development of
methods for estimating diesel oil dilution.

The objective of this study was therefore to assess the ability of selected power-
law viscosity models to reproduce the experimentally measured dynamic viscosity of
binary lubricating oil–diesel oil mixtures. Two lubricating oils, SAE 30 and SAE 40, were
investigated at seven different diesel oil concentrations in lubricating oil–diesel oil mixtures.
Measurements were performed at temperatures of 40, 50, 60, 70, 80, 90 and 100 ◦C. The
experimentally determined viscosities were compared with values calculated using the
linear, Kendall–Monroe, Koval and Bingham models. The Arrhenius and REFUTAS models
were included as reference formulations, owing to their previous application in the inverse
determination of diesel oil concentration in lubricating oil.

The model performance was assessed using the relative error between calculated and
experimentally measured dynamic viscosity. The error was analysed over the complete
temperature–concentration domain and presented using three-dimensional plots. The root
mean square relative error (RMSRE), the maximum relative error (MRE), and the coefficient
of determination (R2) values were used to provide complementary quantitative measures
of model performance. This approach makes it possible not only to determine the overall
accuracy of each model but also to identify systematic variations in model performance
associated with temperature, oil grade and diesel oil concentration. Particular attention
was paid to determining whether the simpler power-law models can achieve an accuracy
comparable with the more advanced non-power-law formulations and, consequently,
whether they have potential for use in applications related to the assessment of diesel oil
dilution in lubricating oils.

The novelty of the present study lies in the systematic evaluation of four power-law
viscosity models with different exponent values for lubricating oil–diesel oil mixtures and
their direct comparison with the Arrhenius and REFUTAS models over a broad range
of temperatures and diesel oil concentrations. In contrast to previous studies focused
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primarily on the inverse estimation of diesel oil concentration from measured viscosity, the
present work evaluates the ability of the models to reproduce experimentally measured
mixture viscosity and examines the distribution of prediction errors across the temperature–
concentration domain. This approach makes it possible to identify the most suitable
power-law formulation for further investigation in the assessment of diesel oil dilution of
lubricating oils.

2. Materials and Methods
2.1. Materials Used in the Experimental Study

The experimental study was conducted using Orlen Efecta Diesel Bio fuel (EN 590
B7 diesel oil) [29], which complies with the requirements for liquid fuels specified in ZN-
ORLEN-5:2019 [30]. Based on the measured physicochemical properties, the fuel also met
the requirements for DMX-category marine distillate fuel specified in 8217:2024 [31]. The
lubricating oils selected for the study were single-grade oils of SAE 30 and SAE 40 viscosity
grades, representative of lubricants commonly used in marine engines. The oils were
supplied as Agip/Eni Cladium 120 CD/CF (Series III). Selected rheological properties of
the fuels and lubricants used in the experiments are summarized in Table 1.

Table 1. Selected rheological properties determined for the diesel fuel and lubricating oils used in the
experimental study.

Parameter Description

Oil type Diesel oil Lubricating oil Lubricating oil

Manufacturer and oil designation Orlen Efecta Diesel Bio
CN27102011D

Agip Cladium 120
SAE 30 CD/CF

Agip/Eni Cladium 120
SAE 40 CD/CF

SAE viscosity grade N/A SAE 30 SAE 40

Measured density at 15 ◦C
ρ15 [kg/m3] (PN-EN ISO 12185:2024-08 [32]) 835.81 ± 0.36 898.29 ± 0.38 898.44 ± 0.38

Calculated temperature coefficient of density
ε [kg/(m3·◦C)] 0.706 ± 0.009 0.622 ± 0.009 0.614 ± 0.009

Measured kinematic viscosity at 40 ◦C ν40
[mm2/s]

(PN-EN ISO 3104:2024-01 [33])
2.897 ± 0.033 105.010 ± 0.829 159.900 ± 1.257

Measured kinematic viscosity at100 ◦C ν100
[mm2/s]

(PN-EN ISO 3104:2024-01 [33])
1.232 ± 0.010 11.720 ± 0.068 15.210 ± 0.087

Calculated dynamic viscosity at 40 ◦C η40
[mPa·s] 2.370 ± 0.028 92.690 ± 0.733 141.190 ± 1.111

Calculated dynamic viscosity at100 ◦C η40
[mPa·s] 0.960 ± 0.009 9.91 ± 0.058 12.87 ± 0.074

Viscosity Index VI [–]
(ASTM D 2270-10(2024) [34]) ≥259 99 95

Pour point tPP [◦C] −30 ± 3 −18 ± 2 −15 ± 2

The lubricating oils investigated in this study are formulated for use in naturally
aspirated and highly turbocharged diesel engines employed in marine, traction, and in-
dustrial applications. Their additive packages are designed to support reliable operation
in circulating lubrication systems, including engines operating on both light distillate
fuels and lower-quality fuels, such as residual marine fuels and fuels with elevated sulfur
content [35,36]. This formulation provides the required protection and supports efficient
engine operation under a broad range of fuel conditions. The oils comply with the pro-
prietary specifications of several marine and industrial engine manufacturers, including
Deutz MWM, Dorman Diesel, Fincantieri—Divisione Grandi Motori, Isotta Fraschini, MAN
B&W, Mirrlees, MTU Marine, New Sulzer Diesel, Nohab, S.E.M.T.–Pielstick, SKL, VM, and
Wärtsilä. The experimental design adopted in this study is presented in Table 2.
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Table 2. Experimental design for the viscosity measurements.

Lubricating Oil Diesel Oil Content
C [% m/m]

Measurement
Temperatures

t [◦C]
Measured Quantities Calculated Quantity

SAE 30 0, 1, 2, 5, 10, 20, 50 40, 50, 60, 70, 80, 90, 100 Kinematic viscosity ν, density ρ Dynamic viscosity η
SAE 40 0, 1, 2, 5, 10, 20, 50 40, 50, 60, 70, 80, 90, 100 Kinematic viscosity ν, density ρ Dynamic viscosity η

Two lubricating oils, SAE 30 and SAE 40, were investigated at seven diesel oil con-
centrations: 0, 1, 2, 5, 10, 20, 50 and 100% by mass. A higher number of measurement
points was used for diesel oil concentrations of 0–10% w/w, which corresponds to con-
centrations observed under practical operating conditions, whereas higher concentrations
were included to maintain consistency with the authors’ previous publications and to
enable a comprehensive evaluation of the investigated models over the full composition
range [37]. Sample preparation was performed using a RADWAG WPs 510/C/2 precision
laboratory balance (Radom, Poland), with a readability (d) of 0.001 g. According to the
balance calibration certificate, the maximum permissible indication error (δ) was 0.002 g, as
determined for a 400 g reference mass. All samples prepared for the experimental study
had a nominal total mass of 200 g [37].

The LO–DO mixtures were prepared gravimetrically to obtain the required mass
fraction of diesel oil (DO) in lubricating oil (LO). First, a clean glass container was placed on
the balance and tared. The required mass of LO (m1) was then transferred into the container
using a precision laboratory pipette. After re-taring the balance, the required amount of DO
(m2) was added in the same manner. The resulting mixture was subsequently homogenized
using a magnetic stirrer for 15 min.

Before each measurement, the repeatability of the balance readings was verified using
a reference mass.

The Type B standard uncertainty associated with the determined DO mass fraction
was evaluated based on the uncertainty of the gravimetric measurements, following the
principles specified in the Guide to the Expression of Uncertainty in Measurement (JCGM
100:2008—GUM 1995 with minor corrections) [38]. The evaluation accounted for the balance
readability, the indication error and its associated uncertainty given in the calibration
certificate, as well as the repeatability of the balance readings. For each component, the
mass used in the preparation of the mixture was determined from the difference between
the liquid mass reading and the corresponding tare value. The uncertainty of the total
mixture mass was then calculated by combining the relevant uncertainty components. The
resulting standard uncertainty of the measured mass (um) was 0.0023 g.

The detailed equations used to determine the standard uncertainty of the mass fraction,
including the corresponding sensitivity coefficients and uncertainty propagation procedure,
are provided in publication [39].

The calculated Type B standard uncertainty, uB(C), was 0.026% for a DO mass fraction
of 1%, decreasing to 0.010% and 0.002% for 2% and 5%, respectively. For mass fractions of
10% and above, the uncertainty remained at 0.001%.

Density measurements were carried out with a DMA 4500 density analyzer (Anton
Paar GmbH, Graz, Austria), which operates on the oscillating U-tube principle. The
instrument, presented in Figure 1a, allows density to be determined in accordance with
PN-EN ISO 12185:2024-08+Ap1:2025-08 [32]. The measurement temperature could be
controlled with an accuracy of 0.02 ◦C, while the stated density measurement accuracy was
5 × 10−5 g/cm3.
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Figure 1. Instruments used for density and kinematic viscosity measurements [37]: (a) Anton Paar
DMA 4500 density analyzer; (b) Labovisco bv TV 2000 viscometer bath.

Kinematic viscosity was evaluated using a Cannon-Fenske Opaque glass capillary
viscometer (Paradise Scientific Company Ltd., Dhaka, Bangladesh) thermostated in a TV
2000 viscometer bath (Labovisco bv, Zoetermeer, The Netherlands), shown in Figure 1b. The
measurement procedure was conducted in accordance with PN-EN ISO 3104:2024-01 [33].
According to the instrument calibration documentation, the temperature control accuracy
was 0.01 ◦C and the viscosity measurement accuracy was 0.1 mm2/s.

The environmental conditions during the tests were as follows: air temperature of
21 ◦C and atmospheric pressure of 1021 hPa.

Kinematic viscosity and density were measured for each sample at temperatures of
40, 50, 60, 70, 80, 90, and 100 ◦C, after which the dynamic viscosity was calculated. The
measurement instruments used in the study are shown in Figure 1.

The dynamic viscosity was determined from the measured kinematic viscosity and
density of each sample. These parameters are related by the following equation [32,33]:

η = ν·ρ, (1)

where η is the dynamic viscosity, ν is the kinematic viscosity, and ρ is the density of
the sample.

Accordingly, the dynamic viscosity for each sample and measurement temperature was
calculated as the product of the experimentally determined kinematic viscosity and density.
Detailed results of the kinematic viscosity, dynamic viscosity and density measurements
and measurement uncertainties are provided in Appendix A.

2.2. Investigated Models

Power-law models describe the dynamic viscosity ηblend of an n-component liquid
mixture, in which the i-th component has a dynamic viscosity ηi and contributes a mass
fraction xi to the mixture, according to the following relationship:

(ηblend)
k = ∑n

i=1 xiη
k
i , (2)

where k is the exponent of the power-law model, and ηblend is the dynamic viscosity of
the mixture.

For a binary mixture, n = 2, Equation (2) can be written in the following form:

ηblend = k
√︂

x1ηk
1 + x2ηk

2, (3)

where η1 and η2 are the dynamic viscosities of components 1 and 2, respectively, and x1

and x2 are their corresponding mass fractions. In the present study, component 1 denotes
the lubricating oil (LO), whereas component 2 represents the diesel oil (DO).

https://doi.org/10.3390/en19194711

https://doi.org/10.3390/en19194711


Energies 2026, 19, 4711 7 of 32

Taking into account that x1 + x2 = 1, Equation (3) takes the following form:

ηblend = k
√︂

x1ηk
1 + (1 − x1)η

k
2, (4)

The simplest case, obtained for k = 1, corresponds to the linear blending relationship:

ηblend = x1η1 + (1 − x1)η2, (5)

Another model reported in the literature is the Kendall and Monroe equation, for
which k = 1/3, resulting in the following relationship:

ηblend =
(︂

x1η
0.33(3)
1 + (1 − x1)η

0.33(3)
2

)︂3
, (6)

The Koval and Bingham equations represent power-law models with negative values
of the exponent. For the Koval model, k = −1/4, and the corresponding relationship is:

ηblend =
1(︃

x1
η0.25

1
+ 1−x1

η0.25
2

)︃4 , (7)

For the Bingham equation, k = −1, and Equation (3) takes the following form:

ηblend =
1

x1
η1

+ 1−x1
η2

, (8)

For comparison purposes, two additional viscosity models, namely the Arrhenius and
REFUTAS models, were also considered. The Arrhenius model describes the viscosity of
a binary mixture based on the logarithmic combination of the viscosities of its individual
components and their respective mass fractions. For the mixtures investigated in this study,
the model is expressed as:

ηblend = exp[x1 ln(η1) + (1 − x1) ln(η2)], (9)

The REFUTAS model was also included as a reference method. Unlike the models
described above, REFUTAS is based on kinematic viscosity and uses the Viscosity Blending
Index (VBI) to estimate the viscosity of a mixture. The VBI of each component is calculated
from its kinematic viscosity according to:

VBI1 = 14.534· ln[ln(η1 + 0.8)] + 10.975, (10)

VBI2 = 14.534· ln[ln(η2 + 0.8)] + 10.975, (11)

For the binary mixture considered in this study, the VBIblend of the blend is determined
from the mass-weighted contributions of the two components:

VBIblend = x1VBI1 + (1 − x1)VBI2, (12)

The kinematic viscosity of the mixture is then obtained by rearranging the VBN
relationship:

νblend = exp
[︃

exp
(︃

VBIblend − 10.975
14.534

)︃]︃
− 0.8, (13)

https://doi.org/10.3390/en19194711

https://doi.org/10.3390/en19194711


Energies 2026, 19, 4711 8 of 32

where νblend denotes the predicted kinematic viscosity of the mixture [40], and the corre-
sponding dynamic viscosity can subsequently be calculated from the mixture density using
Equation (1).

The Arrhenius and REFUTAS models were treated as reference models, and their
predictions were compared with the experimentally determined dynamic viscosity values
to assess their ability to reproduce the viscosity behavior of the investigated binary mixtures.

2.3. Evaluation of Model Prediction Accuracy

The accuracy of the viscosity models was assessed by comparing the dynamic viscosity
values predicted by each model with the corresponding experimental measurements.
Three complementary statistical measures were used: the root mean square relative error
(RMSRE), the maximum relative error (MRE), and the coefficient of determination (R2).

RMSRE and provides an overall assessment of the deviations between the model
predictions and experimental results, whereas the maximum relative percentage error
MRE indicates the largest relative deviation observed within the analyzed dataset. The
coefficient of determination (R2) was used as an additional measure of the degree of
agreement between the calculated and experimentally measured viscosity values. The
RMSRE was calculated according to:

RMSRE =

√︃
1
m ∑m

i=1

(︁
ηi,model − ηi,exp

)︁2·100%, (14)

where m is the number of experimental observations, ηi,model is the dynamic viscosity pre-
dicted by the model for the i-th observation, and ηi,exp is the corresponding experimentally
measured dynamic viscosity.

The maximum percentage relative error MRE was determined according to:

MRE = max
i

(︄
ηi,model − ηi,exp

ηi,exp
·100%

)︄
, (15)

The coefficient of determination R2 was calculated to quantify the proportion of the
variability in the experimental viscosity values that is represented by the model predictions.
The R2 values were subsequently used as a complementary measure in the comparative
assessment of the investigated models.

Lower values of RMSRE and MRE indicate better agreement between the model
predictions and the experimental data, whereas higher values of R2 indicate a stronger
correspondence between the calculated and experimental values. The simultaneous ap-
plication of these three measures allows the models to be evaluated from complementary
perspectives, considering the magnitude of prediction errors, the largest relative deviation,
and the overall correspondence between calculated and experimental values.

3. Results and Discussion
The applicability of the investigated models was assessed by comparing the exper-

imentally determined dynamic viscosity of the lubricating oil–diesel oil mixtures with
values calculated using each of the six considered models. The analysis was performed
separately for SAE 30 and SAE 40 lubricating oils over the entire investigated range of
diesel oil contamination (0–100% m/m) and temperature (40–100 ◦C).

The selected physical and rheological properties of the investigated mixtures are pro-
vided in Appendix A, while the dynamic viscosity values calculated using the investigated
models are presented in Appendix B.
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For each model, two complementary approaches were used to evaluate its predictive
performance. First, scatter plots of the calculated dynamic viscosity against the exper-
imentally measured viscosity were prepared. In these plots, the line (y = x) represents
perfect agreement between calculated and experimental values; therefore, the closer the
data points are to this line, the better the predictive performance of the model. Second,
three-dimensional surfaces of the relative error were generated as a function of diesel
oil contamination and temperature. These surfaces provide additional information on
the distribution of the model error over the investigated experimental domain and allow
the ranges of temperature and contamination associated with higher or lower prediction
accuracy to be identified.

The results obtained for the six investigated models are presented and discussed
separately below. The linear, Kendall–Monroe, Koval and Bingham models represent the
power-law approach, whereas the Arrhenius and REFUTAS models are considered as
reference models. The latter two models are particularly relevant because their inverse
formulations have previously been investigated for estimating diesel oil concentration in
lubricating oil.

3.1. Linear Model

The comparison between the experimentally measured dynamic viscosity and the
values calculated using the linear model is presented in Figures 2 and 3 for SAE 30 and
SAE 40 lubricating oils, respectively. The corresponding distributions of the relative error
over the investigated ranges of diesel oil contamination and temperature are shown in
Figures 4 and 5.

Figure 2. Comparison of experimentally measured and calculated dynamic viscosity for SAE 30
lubricating oil using the linear model. The dashed line represents perfect agreement (y = x)

The scatter plots show the degree of agreement between the calculated and experi-
mental viscosities for both lubricating oils. The distribution of points relative to the (y = x)
line indicates the extent to which the linear relationship is capable of reproducing the
experimentally observed viscosity of the binary mixtures. The calculated values are pre-
dominantly located above the (y = x) line, indicating a clear tendency of the linear model
to overestimate the experimentally measured viscosity. Deviations from the reference line
become particularly important when considering the complete range of diesel oil contami-

https://doi.org/10.3390/en19194711

https://doi.org/10.3390/en19194711


Energies 2026, 19, 4711 10 of 32

nation and temperature, demonstrating that the simple linear relationship does not fully
reproduce the non-linear viscosity behaviour of the investigated mixtures.

Figure 3. Comparison of experimentally measured and calculated dynamic viscosity for SAE 40
lubricating oil using the linear model. The dashed line represents perfect agreement (y = x).

Figure 4. Relative error of dynamic viscosity calculated using the linear model for SAE 30 lubricating
oil as a function of diesel oil contamination and temperature.

This observation is confirmed by the relative-error surfaces shown in Figures 4 and 5.
The error is not constant throughout the investigated experimental domain but varies
with both diesel oil contamination and temperature. The maximum relative error reached
405.19% for SAE 30 and 537.35% for SAE 40. The independently calculated RMSRE values
were 95.02% and 122.31%, respectively. This indicates that the accuracy of the linear model
cannot be characterised by a single representative value without losing information about
its dependence on mixture composition and temperature. Among the six investigated
models, the linear model provided the lowest overall accuracy and therefore represents
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the least suitable formulation for describing the viscosity of the investigated lubricating
oil–diesel oil mixtures.

Figure 5. Relative error of dynamic viscosity calculated using the linear model for SAE 40 lubricating
oil as a function of diesel oil contamination and temperature.

3.2. Kendall and Monroe Model

The performance of the Kendall–Monroe model is illustrated in Figures 6–9.
Figures 6 and 7 present the calculated versus experimentally measured dynamic viscosity
for SAE 30 and SAE 40, respectively, whereas Figures 8 and 9 show the corresponding
relative-error surfaces.

Figure 6. Comparison of experimentally measured and calculated dynamic viscosity for SAE 30
lubricating oil using the Kendall–Monroe model. The dashed line represents perfect agreement
(y = x).
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Figure 7. Comparison of experimentally measured and calculated dynamic viscosity for SAE 40
lubricating oil using the Kendall–Monroe model. The dashed line represents perfect agreement
(y = x).

Figure 8. Relative error of dynamic viscosity calculated using the Kendall–Monroe model for SAE 30
lubricating oil as a function of diesel oil contamination and temperature.

Compared with the linear model, the Kendall–Monroe relationship provides a differ-
ent representation of the contribution of the individual components to mixture viscosity.
The scatter plots in Figures 5 and 6 show an improved agreement between calculated
and experimental values compared with the linear formulation, although noticeable de-
viations from the (y = x) line remain over part of the investigated range. The calculated
values occur both above and below the (y = x) line, indicating that the model both over-
estimates and underestimates the experimentally measured viscosity, depending on the
investigated conditions.
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Figure 9. Relative error of dynamic viscosity calculated using the Kendall–Monroe model for SAE 40
lubricating oil as a function of diesel oil contamination and temperature.

The relative-error surfaces in Figures 7 and 8 confirm that the model accuracy depends
on both temperature and diesel oil contamination. As shown in Figures 8 and 9, the maxi-
mum relative error reached 167.23% for SAE 30 and 123.22% for SAE 40. The independently
calculated RMSRE values were 44.26% and 31.86%, respectively. The model therefore pro-
vides a more adequate representation of the viscosity behaviour than the linear relationship,
but its predictive capability remains limited compared with the more accurate formula-
tions considered in this study. On the basis of the complete experimental domain, the
Kendall–Monroe model ranked second among the least accurate power-law formulations.

3.3. Koval Model

The results obtained using the Koval model are presented in Figures 10–13. The
calculated and measured dynamic viscosities for SAE 30 and SAE 40 are compared in
Figures 10 and 11, while Figures 12 and 13 present the corresponding relative-error surfaces.

The Koval model shows a substantially better agreement with the experimental data
than the previously discussed power-law formulations. As illustrated in Figures 9 and 10,
the calculated values are concentrated more closely around the (y = x) line for both lu-
bricating oil grades. The points are distributed closely around the reference line without
a pronounced systematic displacement in either direction, indicating a close agreement
between the calculated and experimental viscosities. This indicates that the model more
effectively reproduces the experimentally observed dependence of dynamic viscosity on
mixture composition and temperature.

The improved performance of the Koval model is also evident from the relative-error
surfaces shown in Figures 12 and 13. The calculated relative errors remain comparatively
low over the investigated temperature and contamination ranges, although their magnitude
is not completely independent of mixture composition and temperature. As shown in
Figures 12 and 13, the maximum relative error was 6.84% for SAE 30 and 8.42% for SAE
40. The independently calculated RMSRE values were 3.28% and 3.07%, respectively. The
maximum relative error obtained for the Koval model was below 9%, making it the most
accurate of the investigated power-law models.
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Figure 10. Comparison of experimentally measured and calculated dynamic viscosity for SAE 30
lubricating oil using the Koval model. The dashed line represents perfect agreement (y = x).

Figure 11. Comparison of experimentally measured and calculated dynamic viscosity for SAE 40
lubricating oil using the Koval model. The dashed line represents perfect agreement (y = x).

Importantly, the accuracy achieved by the Koval model was also higher than that
obtained with the Arrhenius model considered as a reference. Its performance was close to
that of the REFUTAS model, which was previously shown to provide high accuracy in the
inverse estimation of diesel oil concentration in lubricating oil. This result is particularly
relevant from a practical perspective because the Koval model retains the relatively simple
mathematical form characteristic of power-law models while providing predictive accuracy
comparable to that of a substantially more advanced formulation.
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Figure 12. Relative error of dynamic viscosity calculated using the Koval model for SAE 30 lubricating
oil as a function of diesel oil contamination and temperature.

Figure 13. Relative error of dynamic viscosity calculated using the Koval model for SAE 40 lubricating
oil as a function of diesel oil contamination and temperature.

3.4. Bingham Model

The results for the Bingham model are shown in Figures 14–17. Figures 14 and 15
compare calculated and experimentally measured dynamic viscosities for SAE 30 and SAE
40, respectively, while Figures 16 and 17 present the corresponding relative-error surfaces.

The Bingham model provides an intermediate level of agreement between the calcu-
lated and experimental viscosities. As shown in Figures 14 and 15, the calculated values
follow the experimental data reasonably well over the investigated range, but the scatter
around the (y = x) line is greater than that observed for the Koval model. The calculated
values are predominantly located below the (y = x) line, indicating a clear tendency of the
Bingham model to underestimate the experimentally measured viscosity.
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Figure 14. Comparison of experimentally measured and calculated dynamic viscosity for SAE 30
lubricating oil using the Bingham model. The dashed line represents perfect agreement (y = x).

Figure 15. Comparison of experimentally measured and calculated dynamic viscosity for SAE 40
lubricating oil using the Bingham model. The dashed line represents perfect agreement (y = x).
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Figure 16. Relative error of dynamic viscosity calculated using the Bingham model for SAE 30
lubricating oil as a function of diesel oil contamination and temperature.

The relative-error surfaces shown in Figures 16 and 17 demonstrate that the discrepan-
cies between calculated and experimental values vary with both temperature and diesel
oil contamination. As shown in Figures 16 and 17, the maximum relative error reached
65.88% for SAE 30 and 74.61% for SAE 40. The independently calculated RMSRE values
were 32.08% and 38.80%, respectively. Thus, although the Bingham relationship provides a
useful representation of the viscosity of the binary mixtures, its overall accuracy is lower
than that of the Koval model. The comparison of the four power-law formulations indicates
that the Koval model provides the most favourable combination of mathematical simplicity
and predictive accuracy.

Figure 17. Relative error of dynamic viscosity calculated using the Bingham model for SAE 40
lubricating oil as a function of diesel oil contamination and temperature.
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3.5. Arrhenius Model

The Arrhenius model was additionally evaluated as a reference non-power-law formu-
lation. The results for SAE 30 and SAE 40 are presented in Figures 18–21. Figures 18 and 19
show the calculated dynamic viscosity plotted against the experimental values, while
Figures 20 and 21 present the relative-error surfaces.

The Arrhenius model provides a good representation of the viscosity of the inves-
tigated binary mixtures, as indicated by the relatively close distribution of calculated
values around the (y = x) line in Figures 18 and 19. The scatter plots show a more fre-
quent occurrence of calculated values above the (y = x) line than below it, indicating a
tendency toward overestimation of the experimental viscosity. The relative-error surfaces
in Figures 20 and 21 further demonstrate that the model provides satisfactory accuracy
over the investigated range of temperatures and diesel oil concentrations. As shown in
Figures 20 and 21, the maximum relative error reached 57.57% for SAE 30 and 62.45% for
SAE 40. The independently calculated RMSRE values were 18.61% and 20.60%, respectively.

Despite its good predictive capability, the Arrhenius model was less accurate than the
Koval model in the present study. This comparison is important because the Arrhenius
relationship was selected as one of the reference models owing to its previous application
in the inverse estimation of diesel oil concentration in lubricating oil. The results obtained
here therefore indicate that the simpler Koval formulation can reproduce the measured
viscosity at least as effectively, and in the investigated range more accurately, than the
Arrhenius model.

Figure 18. Comparison of experimentally measured and calculated dynamic viscosity for SAE 30
lubricating oil using the Arrhenius model. The dashed line represents perfect agreement (y = x).
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Figure 19. Comparison of experimentally measured and calculated dynamic viscosity for SAE 40
lubricating oil using the Arrhenius model. The dashed line represents perfect agreement (y = x).

Figure 20. Relative error of dynamic viscosity calculated using the Arrhenius model for SAE 30
lubricating oil as a function of diesel oil contamination and temperature.
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Figure 21. Relative error of dynamic viscosity calculated using the Arrhenius model for SAE 40
lubricating oil as a function of diesel oil contamination and temperature.

3.6. REFUTAS Index Method

The highest-level reference for comparison was provided by the REFUTAS model. The
calculated and experimentally measured dynamic viscosities for SAE 30 and SAE 40 are
presented in Figures 22 and 23, while the corresponding relative-error surfaces are shown
in Figures 24 and 25.

Figure 22. Comparison of experimentally measured and calculated dynamic viscosity for SAE 30
lubricating oil using the REFUTAS model. The dashed line represents perfect agreement (y = x).
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Figure 23. Comparison of experimentally measured and calculated dynamic viscosity for SAE 40
lubricating oil using the REFUTAS model. The dashed line represents perfect agreement (y = x).

Figure 24. Relative error of dynamic viscosity calculated using the REFUTAS model for SAE 30
lubricating oil as a function of diesel oil contamination and temperature.

The REFUTAS model demonstrates a very good agreement between calculated and
experimentally measured dynamic viscosities. The calculated values remain closely dis-
tributed around the (y = x) line for both SAE 30 and SAE 40 lubricating oils, indicating
a high degree of consistency between the model predictions and the experimental mea-
surements. The scatter plots show a slight predominance of calculated values below the
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(y = x) line, indicating a slight tendency of the REFUTAS model to underestimate the
experimentally measured viscosity.

Figure 25. Relative error of dynamic viscosity calculated using the REFUTAS model for SAE 40
lubricating oil as a function of diesel oil contamination and temperature.

This high predictive capability is also reflected in the relative-error surfaces shown
in Figures 24 and 25. The maximum relative error was 5.72% for SAE 30 and 7.74% for
SAE 40. The independently calculated RMSRE values were 2.10% and 3.91%, respectively.
The relatively low magnitude of the errors over the investigated temperature and con-
tamination ranges confirms the suitability of the REFUTAS relationship for describing the
viscosity behaviour of the tested mixtures. These results are consistent with the previously
demonstrated high accuracy of the REFUTAS model in its inverse application for estimating
diesel oil concentration in lubricating oil.

3.7. Comparative Assessment of the Investigated Models

The results obtained for all six models demonstrate clear differences in their ability to
reproduce the experimentally measured dynamic viscosity of the investigated lubricating
oil–diesel oil mixtures. The scatter plots provide a direct visual assessment of the agreement
between calculated and measured values, whereas the three-dimensional error surfaces
reveal how the prediction accuracy changes with temperature and diesel oil contamination.
A quantitative comparison of the models based on the root mean square relative error
(RMSRE) and maximum relative error (MRE) is presented in Figures 26 and 27, respectively.

The quantitative indicators presented in Figures 26 and 27 confirm the differences
observed in the graphical analysis. Among the investigated power-law formulations,
the linear model showed by far the lowest accuracy, with the highest RMSRE values
of 95.02% for SAE 30 and 122.31% for SAE 40. It also exhibited the highest maximum
relative errors, reaching 405.19% and 537.35%, respectively. In contrast, the Koval model
provided the highest predictive accuracy among the power-law models, with RMSRE
values of approximately 3% for both oil grades and maximum relative errors below 9%. The
Kendall–Monroe and Bingham models showed intermediate performance, with substantial
differences in accuracy depending on the oil grade.
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Figure 26. Root mean square relative error (RMSRE) of dynamic viscosity calculated using the
investigated models for SAE 30 and SAE 40 lubricating oils.

Figure 27. Maximum relative error of dynamic viscosity calculated using the investigated models for
SAE 30 and SAE 40 lubricating oils.

To complement the error-based assessment, the coefficient of determination (R2) was
calculated for each investigated model. The obtained values are presented in Figure 28. The
R2 values were 0.869 and 0.843 for the linear model, 0.952 and 0.922 for the Kendall–Monroe
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model, and 0.857 and 0.804 for the Bingham model for SAE 30 and SAE 40, respectively.
The Arrhenius model yielded higher R2 values of 0.988 and 0.982, whereas the Koval and
REFUTAS models both reached R2 values of 0.999 for SAE 30 and 0.997 for SAE 40. Thus,
the R2 analysis confirms the close correspondence between calculated and experimental
viscosities obtained with the Koval and REFUTAS models and the substantially weaker
correspondence observed for the linear and Bingham formulations.

The comparison with the non-power-law reference models is particularly noteworthy.
The REFUTAS model exhibited the lowest RMSRE for SAE 30 (2.10%) and the lowest
maximum relative error for both SAE 30 (5.72%) and SAE 40 (7.74%). The Arrhenius model
provided substantially lower errors than the less accurate power-law formulations but
remained clearly less accurate than Koval and REFUTAS. The R2 values provide a consistent
complementary measure of the agreement, with the highest values obtained for Koval and
REFUTAS. Overall, the lowest errors were obtained for the Koval and REFUTAS models,
whereas the linear model showed by far the largest deviations from the experimental data.

The parameters of the investigated models should be interpreted primarily in terms
of their mathematical role in describing the viscosity of the mixture. Most of the investi-
gated formulations are empirical or semi-empirical relationships rather than molecular or
thermodynamic models. Their parameters therefore do not necessarily correspond to inde-
pendent physical quantities such as activation energies or interaction parameters. Instead,
they control the contribution of the component viscosities and mixture composition to the
calculated viscosity and determine the degree of non-linearity of the resulting relationship.
Their values are consequently dependent on the properties of the investigated components
and on the temperature and composition ranges considered in the model formulation.

Figure 28. Coefficient of determination (R2) between calculated and experimentally measured
dynamic viscosity for the investigated models and lubricating oil grades.
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The lower deviations obtained for the Koval and REFUTAS models can be explained
by their greater ability to represent the non-linear dependence of mixture viscosity on diesel
oil concentration. This is particularly important for the investigated systems because of the
large viscosity contrast between the lubricating oil and diesel oil. The linear model assumes
a constant relationship between mixture composition and viscosity and therefore cannot
reproduce changes in the curvature of the experimental viscosity–composition relationship.
This limitation becomes increasingly pronounced as the diesel oil concentration increases.
In contrast, the mathematical forms of the Koval and REFUTAS models provide greater
flexibility in describing this non-linear behaviour, which results in a closer representation
of the experimental data and consequently lower deviations.

For further comparison with the empirical and semi-empirical formulations, a theoret-
ical description of liquid viscosity can be considered using the Eyring theory of viscous
flow [41]. In this approach, the dynamic viscosity is related to the free energy of activation
of molecular flow, which can be expressed as

η =
hNa

Vm
exp

(︃
∆G‡
RT

)︃
, (16)

where h is the Planck constant, Na is the Avogadro constant, Vm is the molar volume, ∆G‡
is the Gibbs free energy of activation of viscous flow, R is the gas constant, and T is the
absolute temperature.

This expression provides a physical interpretation of viscosity in terms of the molecu-
lar activation process. In contrast, the models investigated in the present study primarily
establish empirical relationships between the viscosities of the components, mixture com-
position and temperature, without explicitly determining molecular activation parameters.
Therefore, their parameters should be regarded mainly as correlation parameters, and their
predictive capability should not be interpreted as a complete molecular description of the
viscous flow mechanism.

The results therefore indicate that mathematical simplicity does not necessarily imply
insufficient predictive capability. In the present case, the performance of a model depends
not only on the number of parameters but also on whether its mathematical structure
is capable of representing the non-linear dependence of viscosity on composition and
temperature. This explains why the Koval model, despite its relatively simple formulation,
provides substantially lower deviations than the linear model and approaches the predictive
performance of the more complex REFUTAS formulation [26]. The results also demonstrate
that improved empirical agreement should be interpreted as a better representation of
the experimentally observed mixing behaviour rather than as direct evidence of a more
complete molecular description of the viscosity of the investigated mixtures.

4. Conclusions
The results demonstrate clear differences in the predictive performance and systematic

behavior of the investigated viscosity models. The comparison with experimental measure-
ments and analysis of the relative-error distributions reveal distinct patterns of agreement
and deviation for each formulation across the investigated range. The main conclusions are
as follows:

1. The predictive accuracy of the investigated models depends on both mixture com-
position and temperature. The observed differences result primarily from the ability
of each mathematical formulation to reproduce the non-linear relationship between
mixture viscosity, composition and temperature.

2. The linear model provides the simplest description of the viscosity–composition
relationship, but its inability to represent non-linear mixing behaviour results in
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substantially larger deviations from the experimental data. In contrast, the Koval
and REFUTAS models provide the lowest deviations, demonstrating that a suitable
mathematical structure can provide high predictive accuracy without necessarily
requiring a large number of parameters.

3. The investigated formulations are predominantly empirical or semi-empirical relation-
ships. Their parameters primarily describe the mathematical dependence of mixture
viscosity on component properties, composition and temperature and should not
generally be interpreted as independent thermodynamic or molecular parameters.
The Eyring theory provides a theoretical reference by relating viscosity to the Gibbs
free energy of activation of viscous flow.

4. The results indicate that the suitability of power-law models for diesel oil-dilution
assessment should be evaluated not only in terms of the magnitude of the error,
but also its distribution over the relevant temperature and concentration ranges.
The Koval model appears particularly suitable for further investigation owing to its
combination of relatively simple formulation and low prediction errors.

5. From a practical perspective, the results indicate that the Koval model may offer a
relatively simple formulation for applications requiring the estimation of the viscosity
of lubricating oil–diesel oil mixtures. Its low prediction errors over the investigated
temperature and concentration ranges suggest that it could be considered as a poten-
tial component of diagnostic procedures or lubricating oil quality monitoring systems
for assessing diesel oil dilution in lubricating oils. Such an application could provide a
relatively simple means of relating measured lubricating-oil viscosity to the degree of
fuel contamination, subject to further validation under practical operating conditions.

6. Further work should focus on the inverse application of the most accurate power-
law formulations, including the estimation of diesel oil concentration from mea-
sured lubricating-oil viscosity, propagation of viscosity measurement uncertainty
into concentration uncertainty, and validation using independent mixtures and used
lubricating oils obtained from operating engines.
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Appendix A. Selected Physical and Rheological Properties of the
Investigated Mixtures

Table A1. Density of the investigated mixtures.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Density ρt [kg/m3]

SAE 30

40 882.65 881.59 881.32 879.25 875.89 869.48 849.88 818.44
50 876.51 875.36 875.17 873.07 869.27 862.45 843.11 811.27
60 870.39 869.09 868.98 866.97 863.48 856.75 836.54 804.38
70 864.08 862.9 862.7 860.62 857.05 850.25 829.82 797.14
80 857.94 856.67 856.41 854.37 850.83 843.82 823.46 790.04
90 851.65 850.41 850.21 848.07 844.37 837.45 816.51 782.97
100 845.42 844.16 843.91 841.72 838.07 830.97 809.72 775.81

SAE 40

40 883.02 882.22 881.45 879.56 875.59 869.95 850.02 818.44
50 876.77 876.14 875.3 873.37 869.63 863.61 843.15 811.27
60 870.58 870.13 869.12 867.29 863.52 857.51 836.82 804.38
70 864.4 863.91 863.02 861.05 857.05 851.06 830.15 797.14
80 858.36 857.75 856.94 854.93 850.84 844.74 823.55 790.04
90 851.65 851.54 850.7 848.68 844.57 838.41 816.96 782.97
100 846.04 845.45 844.58 842.43 838.35 832.13 810.31 775.81

Table A2. Kinematic viscosity of the investigated mixtures.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating oil C [% m/m]

0 1 2 5 10 20 50 100

Kinematic Viscosity νt [mm2/s]

SAE 30

40 105.01 98.06 96.64 82.70 59.61 36.25 11.070 2.897
50 66.11 59.28 58.72 53.89 39.73 24.97 8.461 2.443
60 41.66 38.07 37.71 33.34 26.31 17.85 6.495 2.064
70 28.62 26.35 26.10 23.29 18.77 13.18 5.204 1.769
80 20.53 19.19 18.97 17.61 13.93 10.07 4.250 1.551
90 14.99 14.30 14.16 13.29 10.67 7.916 3.545 1.376
100 11.72 11.05 10.96 10.32 8.398 6.404 3.012 1.232

SAE 40

40 159.90 157.95 149.1 123.95 78.71 50.29 13.25 2.897
50 98.09 92.39 87.62 73.92 50.96 34.01 10.010 2.443
60 59.78 57.14 54.50 46.72 34.07 23.71 7.605 2.064
70 39.91 38.44 36.73 32.01 23.91 17.15 6.040 1.769
80 27.95 27.28 26.21 22.88 17.39 12.85 4.918 1.551
90 20.20 19.82 19.08 16.84 13.15 9.979 4.095 1.376
100 15.21 15.05 14.51 12.90 10.24 7.908 3.447 1.232

Table A3. Dynamic viscosity of the investigated mixtures.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Dynamic Viscosity ηt [mPa·s]

SAE 30

40 92.69 86.45 85.17 72.71 52.21 31.52 9.41 2.37
50 57.95 51.89 51.39 47.05 34.54 21.54 7.13 1.98
60 36.26 33.09 32.77 28.90 22.72 15.29 5.43 1.66
70 24.73 22.74 22.52 20.04 16.09 11.21 4.32 1.41
80 17.61 16.44 16.25 15.05 11.85 8.50 3.50 1.23
90 12.77 12.16 12.04 11.27 9.01 6.63 2.89 1.08
100 9.91 9.33 9.25 8.69 7.04 5.32 2.44 0.96

https://doi.org/10.3390/en19194711

https://doi.org/10.3390/en19194711


Energies 2026, 19, 4711 28 of 32

Table A3. Cont.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Dynamic Viscosity ηt [mPa·s]

SAE 40

40 141.19 139.35 131.42 109.02 68.92 43.75 11.26 2.37
50 86.00 80.95 76.69 64.56 44.32 29.37 8.44 1.98
60 52.04 49.72 47.37 40.52 29.42 20.33 6.36 1.66
70 34.50 33.21 31.70 27.56 20.49 14.60 5.01 1.41
80 23.99 23.40 22.46 19.56 14.80 10.85 4.05 1.23
90 17.20 16.88 16.23 14.29 11.11 8.37 3.35 1.08
100 12.87 12.72 12.25 10.87 8.58 6.58 2.79 0.96

Table A4. Density measurement uncertainties of the investigated mixtures.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Density Measurement Uncertainty u(ρt) [kg/m3]

SAE 30

40 ±0.38 ±0.38 ±0.38 ±0.38 ±0.37 ±0.37 ±0.37 ±0.36
50 ±0.38 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.36
60 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.36 ±0.35
70 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.36 ±0.35
80 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.36 ±0.35
90 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.36 ±0.36 ±0.35
100 ±0.37 ±0.37 ±0.37 ±0.36 ±0.36 ±0.36 ±0.36 ±0.34

SAE 40

40 ±0.38 ±0.38 ±0.38 ±0.38 ±0.37 ±0.37 ±0.37 ±0.36
50 ±0.38 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.36
60 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.36 ±0.35
70 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.36 ±0.35
80 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.36 ±0.35
90 ±0.37 ±0.37 ±0.37 ±0.37 ±0.37 ±0.36 ±0.36 ±0.35
100 ±0.37 ±0.37 ±0.37 ±0.36 ±0.36 ±0.36 ±0.36 ±0.34

Table A5. Kinematic viscosity measurement uncertainties of the investigated mixtures.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Kinematic Viscosity Measurement Uncertainty u(νt) [mm2/s]

SAE 30

40 ±0.83 ±0.77 ±0.76 ±0.66 ±0.48 ±0.29 ±0.10 ±0.03
50 ±0.54 ±0.45 ±0.45 ±0.41 ±0.29 ±0.17 ±0.04 ±0.0404
60 ±0.27 ±0.25 ±0.24 ±0.21 ±0.17 ±0.11 ±0.03 ±0.0002
70 ±0.18 ±0.17 ±0.16 ±0.14 ±0.11 ±0.08 ±0.02 ±0.002
80 ±0.13 ±0.12 ±0.12 ±0.11 ±0.08 ±0.06 ±0.02 ±0.003
90 ±0.09 ±0.08 ±0.08 ±0.08 ±0.06 ±0.04 ±0.01 ±0.004
100 ±0.07 ±0.06 ±0.06 ±0.06 ±0.05 ±0.04 ±0.02 ±0.01

SAE 40

40 ±1.26 ±1.24 ±1.17 ±0.98 ±0.62 ±0.42 ±0.11 ±0.03
50 ±0.77 ±0.73 ±0.69 ±0.57 ±0.39 ±0.25 ±0.05 ±0.011
60 ±0.40 ±0.38 ±0.36 ±0.31 ±0.22 ±0.15 ±0.04 ±0.0002
70 ±0.26 ±0.25 ±0.24 ±0.20 ±0.15 ±0.10 ±0.03 ±0.002
80 ±0.18 ±0.17 ±0.16 ±0.14 ±0.10 ±0.07 ±0.02 ±0.003
90 ±0.12 ±0.12 ±0.12 ±0.10 ±0.08 ±0.05 ±0.01 ±0.004
100 ±0.09 ±0.09 ±0.08 ±0.07 ±0.06 ±0.05 ±0.02 ±0.01

https://doi.org/10.3390/en19194711

https://doi.org/10.3390/en19194711


Energies 2026, 19, 4711 29 of 32

Appendix B. Dynamic Viscosity Values Calculated Using the
Investigated Models

Table A6. Dynamic viscosity according to the linear model.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Dynamic Viscosity ηt [mPa·s]

SAE 30

40 92.69 91.78 90.88 88.17 83.66 74.62 47.53 2.37
50 57.95 57.39 56.83 55.15 52.35 46.75 29.96 1.98
60 36.26 35.91 35.57 34.53 32.80 29.34 18.96 1.66
70 24.73 24.50 24.26 23.56 22.40 20.07 13.07 1.41
80 17.61 17.45 17.29 16.79 15.97 14.34 9.42 1.23
90 12.77 12.65 12.53 12.18 11.60 10.43 6.92 1.08
100 9.91 9.82 9.73 9.46 9.01 8.12 5.43 0.96

SAE 40

40 141.19 139.81 138.42 134.25 127.31 113.43 71.78 2.37
50 86.00 85.16 84.32 81.80 77.60 69.20 43.99 1.98
60 52.04 51.54 51.04 49.52 47.00 41.97 26.85 1.66
70 34.50 34.17 33.84 32.84 31.19 27.88 17.95 1.41
80 23.99 23.76 23.54 22.85 21.71 19.44 12.61 1.23
90 17.20 17.04 16.88 16.40 15.59 13.98 9.14 1.08
100 12.87 12.75 12.63 12.27 11.68 10.49 6.91 0.96

Table A7. Dynamic viscosity based on the Kendall and Monroe model.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Dynamic viscosity ηt [mPa·s]

SAE 30

40 92.69 90.74 88.82 83.22 74.42 58.73 25.14 2.37
50 57.95 56.78 55.63 52.27 46.98 37.49 16.83 1.98
60 36.26 35.57 34.88 32.88 29.71 24.01 11.34 1.66
70 24.73 24.28 23.83 22.52 20.44 16.68 8.21 1.41
80 17.61 17.30 17.00 16.10 14.68 12.10 6.19 1.23
90 12.77 12.55 12.34 11.72 10.73 8.93 4.75 1.08
100 9.91 9.75 9.59 9.13 8.38 7.03 3.84 0.96

SAE 40

40 141.19 90.74 88.82 83.22 74.42 58.73 25.14 2.37
50 86.00 56.78 55.63 52.27 46.98 37.49 16.83 1.98
60 52.04 35.57 34.88 32.88 29.71 24.01 11.34 1.66
70 34.50 24.28 23.83 22.52 20.44 16.68 8.21 1.41
80 23.99 17.30 17.00 16.10 14.68 12.10 6.19 1.23
90 17.20 12.55 12.34 11.72 10.73 8.93 4.75 1.08
100 12.87 9.75 9.59 9.13 8.38 7.03 3.84 0.96

Table A8. Dynamic viscosity based on the Koval model.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Dynamic Viscosity ηt [mPa·s]

SAE 30

40 92.69 87.33 82.35 69.40 52.99 32.44 9.88 2.37
50 57.95 54.97 52.19 44.83 35.22 22.62 7.58 1.98
60 36.26 34.62 33.08 28.93 23.36 15.72 5.81 1.66
70 24.73 23.72 22.76 20.17 16.61 11.56 4.59 1.41
80 17.61 16.96 16.34 14.64 12.26 8.80 3.74 1.23
90 12.77 12.34 11.93 10.80 9.19 6.79 3.07 1.08
100 9.91 9.60 9.30 8.48 7.30 5.49 2.60 0.96
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Table A8. Cont.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Dynamic Viscosity ηt [mPa·s]

SAE 40

40 141.19 131.58 122.78 100.43 73.37 41.81 11.09 2.37
50 86.00 80.82 76.02 63.61 48.05 28.91 8.50 1.98
60 52.04 49.29 46.72 39.96 31.18 19.80 6.49 1.66
70 34.50 32.86 31.32 27.20 21.74 14.37 5.11 1.41
80 23.99 22.96 21.99 19.35 15.78 10.80 4.14 1.23
90 17.20 16.53 15.89 14.16 11.75 8.30 3.40 1.08
100 12.87 12.41 11.97 10.76 9.06 6.57 2.85 0.96

Table A9. Dynamic viscosity based on the Bingham model.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Dynamic Viscosity ηt [mPa·s]

SAE 30

40 92.69 67.12 52.61 31.91 19.27 10.75 4.62 2.37
50 57.95 45.19 37.03 24.03 15.15 8.72 3.83 1.98
60 36.26 30.01 25.59 17.76 11.76 7.02 3.18 1.66
70 24.73 21.22 18.58 13.54 9.32 5.74 2.67 1.41
80 17.61 15.54 13.90 10.56 7.54 4.79 2.29 1.23
90 12.77 11.52 10.49 8.28 6.12 4.03 1.99 1.08
100 9.91 9.06 8.35 6.75 5.12 3.45 1.74 0.96

SAE 40

40 141.19 89.05 65.04 35.95 20.60 11.11 4.66 2.37
50 86.00 60.40 46.54 27.57 16.41 9.07 3.87 1.98
60 52.04 39.93 32.39 20.67 12.90 7.36 3.22 1.66
70 34.50 27.94 23.48 15.87 10.31 6.06 2.71 1.41
80 23.99 20.23 17.49 12.44 8.39 5.09 2.33 1.23
90 17.20 14.96 13.24 9.84 6.89 4.31 2.03 1.08
100 12.87 11.44 10.30 7.93 5.73 3.68 1.78 0.96

Table A10. Dynamic viscosity based on the Arrhenius model.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Dynamic Viscosity ηt [mPa·s]

SAE 30

40 92.69 89.35 86.13 77.16 64.24 44.52 14.82 2.37
50 57.95 56.02 54.16 48.95 41.35 29.50 10.72 1.98
60 36.26 35.16 34.09 31.08 26.64 19.57 7.76 1.66
70 24.73 24.03 23.35 21.43 18.57 13.95 5.91 1.41
80 17.61 17.15 16.70 15.42 13.49 10.34 4.65 1.23
90 12.77 12.45 12.15 11.28 9.97 7.79 3.71 1.08
100 9.91 9.68 9.46 8.81 7.84 6.21 3.08 0.96

SAE 40

40 141.19 135.54 130.11 115.10 93.83 62.35 18.30 2.37
50 86.00 82.82 79.76 71.23 58.99 40.46 13.06 1.98
60 52.04 50.28 48.58 43.81 36.88 26.13 9.30 1.66
70 34.50 33.41 32.36 29.40 25.06 18.20 6.97 1.41
80 23.99 23.29 22.61 20.68 17.82 13.23 5.42 1.23
90 17.20 16.73 16.28 14.98 13.04 9.88 4.31 1.08
100 12.87 12.54 12.22 11.30 9.92 7.65 3.51 0.96
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Table A11. Dynamic viscosity based on the REFUTAS model.

SAE Viscosity Grade of
the Lubricating Oil

Temperature
t [◦C]

Diesel Oil Content in Lubricating Oil C [% m/m]

0 1 2 5 10 20 50 100

Dynamic Viscosity ηt [mPa·s]

SAE 30

40 92.69 87.24 82.25 69.11 52.42 31.61 9.36 2.37
50 57.95 54.84 51.98 44.38 34.49 21.74 7.12 1.98
60 36.26 34.50 32.89 28.53 22.75 15.00 5.43 1.66
70 24.73 23.63 22.62 19.85 16.13 11.00 4.29 1.41
80 17.61 16.89 16.23 14.40 11.90 8.36 3.49 1.23
90 12.77 12.29 11.85 10.63 8.93 6.46 2.88 1.08
100 9.91 9.56 9.24 8.35 7.09 5.23 2.44 0.96

SAE 40

40 141.19 131.68 122.93 100.58 73.15 41.10 10.51 2.37
50 86.00 80.72 75.80 63.13 47.21 27.86 7.95 1.98
60 52.04 49.17 46.46 39.41 30.34 18.85 6.02 1.66
70 34.50 32.75 31.10 26.75 21.03 13.59 4.72 1.41
80 23.99 22.87 21.82 19.00 15.24 10.19 3.82 1.23
90 17.20 16.48 15.78 13.90 11.35 7.84 3.15 1.08
100 12.87 12.36 11.87 10.56 8.75 6.21 2.65 0.96
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36. Alvesta Kokoszyński Garncarz S.C. AGIP Cladium 120 SAE 40 CD; Alvesta Kokoszyński Garncarz S.C.: Szczecin, Poland, 2018.
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